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Let M be a local real analytic or formal generic submanifold of C™ (n ^ 2) having 
positive codimension d 1 and positive CR dimension n — d =: m ^ 1 which passes 
through the origin and whose extrinsic complexification McC"x C™ is represented, in 
appropriate coordinates (z, w, (, £) G C m x C d x C m x C d , by d holomorphic or formal 
equations (dil 

wj = Qj(z,(,0 or equivalently: £j = ®j(C) z > w ) {j = i...d). 

Also, introduce the two collections of m complex vector fields: 

9zfe 9zfc dwj d( k ac fc (9^ 

obviously tangent to Ai with (C.\, . . . , £ m ) spanning the foliation Ai D {t = est.}, and 
(£i i • ■ • i £m) spanning .M H {i = est.}, where i = (z, w) G C™ and r = (r, £) G C ra (see 
the figure p. 20 of Q). Some authors call M of finite type in the sense of Bloom-Graham 
when the Lie algebra Lie (.£*., , £ fe ,) generated by all possible Lie brackets of the C kl and 
of the C ko spans TM at the origin. Others call M minimal. 

Let H' be a maximally real local real analytic or formal submanifold of C™ (n' ^ 1) 
also passing through the origin, which, after straightening, can be supposed to be repre- 
sented by the n equations z[ = z[, i = 1, . . . , n'. As the outcome of 0, formal holo- 
morphic or meromorphic maps from M into a maximally real, real analytic or formal 
submanifold H' C C" are all uninteresting: they must be constant. Segre sets (JT)) can in 
fact be fully avoided to check such a simple observation, hopefully. It is clear that studying 
n' = 1 suffices. The assertion holds for formal meromorphic maps. 

Lemma. ([2|, Main Theorem) Let f(t) G C[i] and g(t) G C[i] be two not identically 
zero complex formal power series satisfying: 

= f(t)g(r)-g(t)J(r), 

for (t, t) G M. If M is of finite type, then is a nonzero real constant. 

Here, we say for short that = a(t, r) for (t, r) G A4 when a(t, (, ®(C, tn = in 
C[i, £]. As a corollary, choosing g(t) = 1, formal power series that are real on M must be 
constant. 

Proof. The most economical arguments begin by applying the differentiations C k , which 
yields: = Ckf ■ g — C k g ■ f ■ Eliminating / from this equation with the help of = 
/ • 9 - 9 ■ 7, we get = (/ ■ C k g - g ■ C k f) ■ g, whence: 

= / • C kl g - g ■ C k J and also = / • C k2 g - g ■ C k J, 

the second family of equations being trivially satisfied. 
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Suppose now R and S are two vector fields on Ai with local holomorphic coefficients 
(in the coordinates of M) such that: 

= / • Rg - g ■ Rf and = / • Sg - g ■ Sf. 

By eliminating / from these two equations, we get = Sf ■ Rg — Sg ■ Rf. Next, we apply 
S to the first and R to the second: 

= Sf-Rg + f-SRg-Sg-Rf-g-SRf, 

= Rf ■ Sg + / ■ RSg - Rg -Sf-g- RSf, 

and we subtract: 

= 2(S/ • Rg - Sg ■ Rf) + f(SRg - RSg) - g(SRf - RSf) 

-/•[R,S].g + .g-[R,S]/. 

For instance, we may apply this to R = Ck t and S = C k2 , and again and again, to conclude 
that for every iterated Lie bracket, say T, between the £'s and the £'s, we have: 

= f-Tg-g- Tf. 

Choosing any formal holomorphic coordinates xi, . . . , X2m+d on M., finite-typeness then 
implies that for i = 1, . . . , 2m + d: 

= / • d Xi g - g-d Xi f in C[xi, . . . , x 2m +4 ■ 

Let us expand / = F x a + ■ ■ ■ and g = Gx fi + ■ ■ ■ with constants F ^ and G ^ 0, where 
the left out terms denote a sum of higher monomials for, say, the graded lexicographic order 
< g ricx- Expanding, we get = FGx Q+/3 ~ li (Pi — a^) H — • , whence a = (3. After a real 
dilation, F = G = 1. Next, suppose / = x Q + Fx 13 + ■ ■ ■ and g = x Q + Gx 7 + ■ • • 
with F ^ 0, G ^ 0, with a < gr icx P < g ricx oo and /3 ^ gr i ox 7 ^gricx oo, with of course 
G = in case 7 = 00. If /3 < gr i x 7, we get: = F(a.i — /?i)x Q+/3_li + • • • , which is 

impossible. So 7 = (3 and we get: = x a+f} ~ u (a, - ( 9 i )(F-G) H , whence G = F. 

Then the induction runs through, giving / = g. □ 

Suggestion. This generalizes to mappings from covering submanifolds of solutions (|6|). 
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